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Abstract

In this paper, we prove a common coupled fixed point theorem for
four maps satisfying the common E.A.Like property in dislocated
quasi b-metric spaces and obtain some corollaries from it. We also
provide an example to illustrate our main theorem. Our results
generalize and improve some results in existing literature.
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1. Introduction and Preliminaries
Banach [3] introduced the concept of fixed point theory in metric spaces. It is widely used in different areas
like ordinary and partial differential equations, economics, convex optimization, electronic engineering and
game theory etc. In recent years the Banach contraction principle is extended to generalized metrics such as
quasi-metric, b-metric, partial metric, dislocated metric, dislocated quasi-metric and dislocated quasi b-metric
etc.
Zeyada et.al [20] initiated the concept of dislocated quasi metric space and generalized the results of Hitzler
and Seda [6] in dislocated quasi metric spaces.

The notion of b-metric space was introduced by Czerwic [5] in connection with some problems concerning
with the convergence of hon measurable functions with respect to measure.
Recently Klin-eam and Suanoom [8] introduced the concept of dislocated quasi b-metric spaces which
generalize b-metric spaces [5] and quasi b-metric spaces [15] and proved some fixed point theorems in it by
using cyclic contractions.
The authors [7,8,9,10,11,13,14,16,18,19,21,22] etc. obtained fixed and common fixed point theorems in
dislocated quasi b-metric spaces using various contraction conditions for single and two maps.

K. Wadhwa et.al [17] introduced the definitions E.A.Like property in fuzzy metric spaces. The
importance of E.A.Like property ensures that one does not require the completeness of the whole space or
closedness of range subspaces and continuities of mappings. In this paper we adopt these definitions in
dislocated quasi b-metric spaces as follows.

The purpose of this paper is to study the existence of common coupled fixed point for two pairs of mappings
satisfying the common E.A.Like property in dislocated quasi b-metric spaces. Our results generalize and
improve the Theorems 3.1 and 3.4 of [23].

First we recall some known definitions and lemmas. Throughout this paper, we assume that R* is the set of
all non-negative real numbers.

Definitionl.1Let X be a non-empty set .5 = 1 (a fixed real number) and d: X x X —=R* be a function.
Consider the following condition on d.

(1.1.1) dlx,x} = 0, vxeX

(1.1.2) dlx,y) =dly.x) =0 = x = y,¥x, yeX

(1.1.3) dlx,y) = dly.x), ,¥x, yeX

240 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/
http://www.ijesm.co.in/

ISSN: 2320-0294 L Impact Factor: 6.765

(1.1.4) dlx.y) = dlx.z) +dlz y).vx, v, zeX
(1.1.5) dlxr.y) = sldlr.z) + dlz. v} Lvx v, zeX.

(i) If d satisfies (1.1.2), (1.1.3) and (1.1.4) then d is called a dislocated metric and (X,d) is called a dislocated
metric space.

(i) If d satisfies (1.1.1),(1.1.2) and (1.1.4) then d is called a quasi metric and (X,d) is called a quasi metric
space.

(iii) If d satisfies (1.1.2) and (1.1.4) then d is called a dislocated quasi metric or dg-metric and (X,d) is called
a dislocated quasi metric space.

(iv) If d satisfies (1.1.1),(1.1.2),(1.1.3) and (1.1.4) then d is called a metric and (X,d) is called a metric
space.

(v) If d satisfies (1.1.1),(1.1.2),(1.1.3) and (1.1.5) then d is called a b-metric and (X,d) is called a b-metric
space.

(vi) If d satisfies (1.1.2) and (1.1.5) then d is called a dislocated quasi b-metric and (X,d) is called a
dislocated quasi b-metric space or dq b-metric space.

Definition 1.2Let (X,d) be a dq b-metric space. A sequence {x,,J in (X,d) is said to be

(i) dg b-convergent if there exists some point xeX such that lim dixpx) =0= lim dlx, x, ).
In this case x is called a dq b-limit of {x,} and we write x, = xasn — =,

(if) Cauchy sequence if lim_ d(xpxp) = 0= r‘lr[rmxd{xmxﬂ}.

The space (X,d) is called complete if every Cauchy sequence in X is dq b-convergent.
One can prove easily the following

Lemma 1.3 Let (X,d) be a dq b-metric space and {x,} be dq b-convergent to xeX and veX be arbitrary. Then

1

—-d(x,y) = liminfd(x,.y) <limsupd(x,y) < sd(x,y)

= M=o M=
1
—d{y,x) = liminfd(y, x,) < lim sup d(y. x,) = sd(y, x).
5 n—sm n—sm

The notion of coupled fixed point is introduced by Bhaskar and Lakshmikantham [4] and studied some fixed
point theorems in partially ordered metric spaces. Later Lakshmikantham and Ciric [12] defined coupled
coincidence point and common coupled fixed points for a pair of maps and Abbas et.al [2] introduced the
notion of w-compatible mappings.

Definition 1.4 ([4]) Let X be a non-empty set .An element (x,yleX x X is called a coupled fixed point of a
mapping F : X x X — Xifx = Flx.y)andy = Fly.x).

Definition 1.5 ([12]) Let X be anon-empty set. An element (x,vJeX x X is called

(1) a coupled coincidence point of mappings F : ¥ x ¥ — Xand f:X = X if fx = F(x,y) and fy = F(y,X).
(2) a common coupled fixed point of mappings F : X x X — Xand f:X — Xif x = fx = F(x,y) and

y =fy=F(y.x).

Definition 1.6([2]) Let X be anon-empty set. The mappings F : X ® X — Xand f:X — X are called
w-compatible if F(F(x,v) ) = F(fx. fy) and f(Fiy,x)) = F(fy, fx) whenever there exist x.yeX such that
fx = F(x,y) and fy = F(y,x).

Now we extend the definitions of E.A.Like property introduced by Wadhwaet.al [17] to dislocated quasi
b-metric spaces as follows.
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Definition 1.7Let (X,d) be a dislocated quasi b-metric space and F : X = X — Xand 5: X = X be mappings.
The pair (F,S) is said to satisfy common E.A.Like property if there exist sequences {x»} and {yn} in X such
that LIE:IF{xﬂ,yﬂ] = limSxy =t andL[E:IF{yﬂ,xn] = lim Syn = t! for some t,t'e S(X) or F(X = X).

Definition1.8Let (X,d) be a dislocated quasi b-metric space and F.&: ¥ ®x X — Xand 5 T:X¥ —= X be
mappings. The pairs (F,S) and (G,T) are said to satisfy common E.A.Like property if there exist sequences
{xn}{yn}{zn}and{wn} in X such that

lim Flx .0 = lim Sx,=lim Glz,.wy, ) = lim Tz, =tand
n—=x - n—=sx M=o

» . — Ti — % . — I — ¢l
LLE:xF(}-ﬂ,xn] = lim Sy, = Llf:xG{wﬂ,zﬂ] = limTwy = t

for some t,t'eS(X)M T(X) or F(X = X) N GLX = X).
In this paper we utilize the following class of functions.

Definition1.9Letd be the set of all functions @ :R*—=R* satisfying
(g1) :g@ is continuous ,(g2) : @ is monotonically non-decreasing and (w3) : @(t) < tforallt>0.

2 Main Results
In this section, we give our main result.
Theorem?2.1Let ( X,d) be a dislocated quasi b-metric space withs= 1and F, G: X x X = X and
S,T: X = X be mappings satisfying
’ d(Sx,Tw), d(Sy, Tv), > d(Sx, Flx,v)). 2 d(5y, F(y, )"
(11 d(Flx,v).6(uv)) < o fmax 2 d(Tu, 6Cu, 1)), 2d(Tv. 6(v, 1)), d (Sx, 6 (u. ).
\ d(Sy, 6 (v, w), d(Tw Flx,y)). d(Tv. Fy.x))
for all x,y,u,ve X , where @ed,
d(Tx,54),d(Ty, 5v),= d(Tx,Glx, ) ).2d(Ty. 6(y.x)).)’
(21.2) d(6Cr.y) Fuv)) < ¢ | Smaxq  2d(Su,Flu,)).2 d(Sv, Flv,0),d(Tx, Flu, v)),
\ d(Ty, Flv,w)), d(5u,6(x,v)),d(5v, 6(y. x})
for all x,y,u,ve X , where @ed,
(2.1.3) the pairs (F,S) and (G,T) satisfy common E.A.Like property and
(2.1.4) the pairs (F,S) and (G, T) are w-compatible.
Then F,G,S and T have a unique common coupled fixed point in X x X,

Proof. Since (F,S) and (G,T) satisfy common E.A.Like property ,there exist sequences {xn},{yn},
{z.}and{w,} in X such that LELan{xﬂ, Yol = lim anzLEE:xG{zﬂ,wﬂ] = lim Tz, = tand

lim Fly,. x,) = lim Sy, = lim Glw,.z,) = lim Tw, = t*
n—=x - n—=x M=
for some t,t2eS(X)N T{X) or F(X =% X) N G{X = X).
Without loss of generality assume that t,t'te S(X)n T{X7).
Since i:‘ﬂan =t&S(X) and i:‘ﬂSyn: tteS(X), there exist u,ve X such that t = Suand t* = Sv.
By Lemma 1.3, (2.1.1) ,(#2) and (s1),we have

P dF,v),8) s liminf d(F(u, v), 6 (20, w,))
d(Su,Tz,), d (Sv, Tw, )~ d(Su, Flu, ), 2 d(5v, Flw.w)), )
= liminf ¢ Si:mar-: fd{!"zﬂ,G{zn,wﬂ]},fd{rwn,G{wn,zﬂ]},d{.S'u,G(zn,wn]},
\ d(5v, 60w, z,)).d(Tz, Flu,v)). d(Tw,. Flr,u))

d(t,Tz,), dt!, Twy), 2 d(t Flu, ), 2d(th Flv, ), )
smax{d':Tzﬂ,tld{t,lﬁ{,zﬂ,wﬂ:]}},
s max {d(Tw,.t1), d(t1, 6 (wy. 2,00} dlt, 6 (2, w00 ),
: d{tl,ﬁ{wn,zﬂ]},d{Tzn,F{u,v]},d{?'wﬂ,F{v,u]}
< (sl:max{ﬂ,[],d{tﬁ'(u, v} ). d(tt Flr,u)).0,0,0,0,s d(t. Flu, 1)), s d{tl,F(w,u]}}]

_ 1
= liminf ¢ | - max
= -
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< ¢ (Cmadd (6 FGu0)), d(t5F(,20).d Flu,v), ), d(F (v, 2,6} L)

Slmllarly we can prove that

- d{t Flu, 'L-:'} @ ( max{d{t Flu, L:]} d{tl F{L,u:]},d{F{u,v:l,t:l,d{F{w,u:],tl:]}) 2
(L Flv,w) = o (Smax{d(t, Fu,v)), d(t% Flv, ), d(F (u, v), £), d(F (v,2), £9)}) 3)
and

i dFlv.u.t') = @ emax{d{t,F{u,v]},d{t",F(w,iﬂ},d{F(u,l:lﬂ,d{F(v,tﬂ,t"]}) (4)

From (1),(2),(3) and (4) we have
1 { a(F (w, v), £, d(t, Flu, 1)), } - (1 { d(F(u, ), £), d(t Flu,v)), })
s T F o) ) dF G, ) = F \s T La(et Flo, ), d(F (w.) , £2)
which in turn yields from (g3) and (1.1.2) that Flu. v} = ¢ and Flv, u) = %,
Thus Su= Flu.v) =t and Sv=Flr,u) =t
Since the pair (F, S) is w-compatible, we have
St=S (F(u,v)) = F (Su,Sv) =F (t,t%) (5)
and Stt=S (F(v,u)) = F (Sv,5u) = F (', t). (6)
Now consider

1 1
- dlst,6) = - dF(£,£9).0) < lim inf d(F(t, 1), 6z, wy))

/ d(5t, Tz,). d(St*, Tw,).  d(5t, 56),~d(5t*, 51, ‘
- 1 -
= lr!lTxmf @ (—:max -d{szG{me :]} d{r‘-‘*r‘!a{“wzw } I'-7!3{'5'1"'Gl::zi’!”"'pi’!:]}’ j
\ d{Stl,G{wﬂ,zn]},d{Tzﬂ,.S't:],d{Twﬂ,Stl:]

d(5t, Tz, ), d(5t*, Tw, ), s max{ d(5¢t, £), d(t, 561,
s max 1d(5tt 1), d (L, .S'tl:l},smax{d {Tzﬂ, £}, d{t G{zﬂ,wﬂ:] }},
smar-:{d (Tw,.t')d {t",lﬁ{wﬂ,zﬂ]}}, d{St, G{zﬂ,wﬂ:]},
. d(5tt,6(wy.z,)), d(Tz,, 58), d(Tw,.5¢1)

1 5 d(5t,£), 5 d(5et 1), s max{d (5e, 1), d(8, 58},
= @| —max

. - 1
= lim inf @ | Tmax
- =

smax 1d(Seh 1), d(eL 56408 0.0, 5 458, £),
s d(Seter) s diE, 58), 5 d(#t, 58Y)

< @ (2max{d (st ), d(z,50), ", 5e%), dls¢*, 1)} (7)
Similarly we have

2 d(e.50) = ¢ (Smax{d(St.0), d(e, 50, d(e,5¢2), d(5t%,£9)}) (®)
L alet, 5r1] < ¢ (max{d(5t,0), (e, 50,d (%, 564, d(5t%, £} 9)

ang L LaGete) = ¢ (CmaddGe 0, d(, 50, et 562,d(564,¢93) (10)
From (7) (8),(9) and (10), we have

[ d(st.t),d(t, 5t), }_:: e I d(st, t), d(t, 5t), }]

d(£,5¢9),d(5es, ) T et 50, d(5et 1Y)
which in turn yields from (g3) and (1.1. 2) that St =tand St* = t%.
Thus Flt,.tY) =5t =t (11)
and Fltt) =5t =+t* (12)
Since iiﬂTzn =te T(X} and EEETWn =tl e T(X), there exist & feX suchthat t = Te and £* = TS,
Consider
i N
" d(t.6la. f)) = lim inf d(F(x ), Gla. B))

d{Sxﬂ,t:],d{S}-‘ﬂ,tllfd{Sxﬂ,F':xﬂ,}-‘ﬂ:]},f d{S}-‘ﬂ,F{}-‘ﬂ,xﬂ]}, |

.- i
< liminf ¢ (—max ~d(e6la, £).2d(t 608, ), d(5x,.6(a, £),

x d(Sy,, 68, @), d(t. Fxp.y,)). d(£% F Gy, %))

d(Sxy,8),d(Syy, 1), s max(d(Sx, ), (e, Frp.3,))}
smax{d(Sy,, t1), d(tt, FOn. x,0)}. d(t 6(a. 5)).
d(£4,6(8, @), d(Sx, 6(a, £)), d(Sy, 6(8, ),

\ d(t. Flx,.v,)). d(t2 Fly,. x,,))

. 1
= lim inf ¢ | —max
n—=w 2=
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=

(l {n,n,n,u, d(t Gl B)).d(t 6B, a]},}]
Plet ™ | s dl(e 60 /). s d(¢4, 68, @), 0.0

B (imu{ d(t. 6o, §)). d(6(a. £). 1), })
=?1; d(t%.68.a)),d(G (8. ), t2)
Similarly we can prove that

6,0 < o max

(13)

d(t. Gla. £)).d(G . 5.5, }]

d(tt, (8. a)),d(G (8, &) t1)
dlt, Gla. £)),d(G(a, 5). £, }]

d(tt, G(8.a)).d(G (8, a).t1)

(14)

L—

B e

d{tl,Gﬂ.ﬁ‘,a]} =@ (imax{

and {

i 1 i alt, G{HJE:]
- diG(B.a)t') < ¢ (3 max {d{tl,ﬁf__ﬂ,a]
From (13),(14),(15) and (16) we have

1 E dét, Gl ), d(G e, £, 1), }-:: (3 { dlt, Gla.f)).d(Gla, B).0). })
s T aleh6.@). a6 (g, ). ) T ¥ s T al(tt. 608, 0)), d(6 (8. ). 1Y)

which in turn yields from (w3) and (1.1.2) that Gla. 8) =t and G(F. a) = t*.

Thus Tee = Glee, f) = tand TR = G(F, ) = £*,

Since the pair (G,T) is w-compatible, we have

Tt = T(6(a, ) = 6(Ta, TR = G(t.t1) (17)

and Tt! =T(6(8.a)) = G(TR.Ta) = Gt 1). (18)
Using (2.1.1) and (g2) , we have

d(t, Te) = d(F(t, 1), 6, t1)

1 1 )
d(t. Te), d(tl, THJ,; dlt, ﬂ,; d(et,t1),

(15)

B S

,d(Gla, B, ¢, }] (16)

Ld(G(F, e, t1)

L—

1
= @| pmax

1 1
s ;d{rt, rr],;d{rtl, T, d(t, Tt),

\ dit?, Tt1), d(Te, 1), d(Ter, ¢1)
' dlt, Te), d(t, TtY), s max {d(t, Te), d(Tt, 1)},
1 1 45 MEx {d(et, Te), d(Tt, Y} s max{d (Tt, 1), d(t, TH)),
52 smax{d(Ttd, £2), d(&2, T2}, d(t, TH),
d(tt, Ter), d(Te. £), d (Tt £1)

= ¢ (max{d(t, Te), d(t, Te2), d(Te, £), d(T 5 2D (19)
Similarly we have
d(Tt,t) < @ (max{d(t, Te),d(¢t*,Tt*), d(Tt, ), (Tt )] (20)
d(tt, Tt') = @ (max{d(t, Tt), d (¢*, Tt1), d(Tt, £), d (Tt £1))) (21)
and d(Tt*t*) < p (max{d(t. Te). d(t*.T¢1). d(Tt. £). (Tt 1)) (22)
From (19),(20),(21) and (22) we have

- Id (t.Te), d(et, Ttll} - ( Id(t,l"ﬂ,d(rl, Trll}]

d(Tt, t), d(Te, ¢*)) — d(Tt, t). d(Tt,t*)
which in turn yields from (@3) and (1.1.2) that Tt=t and Tt'= t*,
Thus from (17) and (18) we have
Gth=Tt=t (23)

and Gty =Tt =t (24)
From (11),(12),(23) and (24) it follows that (t,t*) is a common coupled fixed point of F,G,Sand T.
Uniqueness of common coupled fixed point of F,G,Sand T follows easily from (2.1.1) and (2.1.2).
Now we give an example to illustrate our Main Theorem 2.1.
Example2.2LetX = [0.1] and d(x,y} = |x — yI* + |x|. Then d is a dislocated quasi b-metric with s = 2.
Define F.G: X xX = Xand 5. T:X = X by Flx.y) :%,5}: =L .y :r;;r‘ and Tx =—.
Let @ :R*—R" bedefinedby (£} =% for te R*.
Consider

4(FGry), 6 ) = (22, ) oy i) 1oy

[

_lea? —:u:]+EE_1.':—:1::}|‘+ oyt
| AT Y] a2
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1 - B J,z 22 %% 4y
= [16)(16) (?_?]Jr(?_?] T
= aexie ||z 3 2 3 32
1122 2f 1}'2 22 2 yi
“Telalz "3 TBlz 3| T2 72
1 [12 ,uz= e 2 e J_,:
*wlz7 3 Tz z7F +?]
= 1252, T) + a5y, o)

= %max{d{ir, Tu), d(Sy, Tvl}
1

=~ (S maxtatse, T, asy. 7))

2
s 1 1 "
d(sx, T, d(Sy, Tv), 5 d(Sx F (x,3)). 5 d(Sy. Fy. x)),
1 2 2
S| gmax éd{!’u, G, v) },% d(Tv, 6 (v, w) ), d(Sx, G lu, v)),
\ d(5y.6(v,10)), d(Tu, F(x,v)),d(Tv, F(y, x))

Similarly we can show that . .
d(Tx, 5, Ty, 5v),5 d(Tx. 6(x, ). d(Ty. 6 (. )),

1
d(Gle,y) Flu,v)) < o Fmax éd{Sﬂ,F{u, b‘j},%d{fb‘,F{b‘,‘lﬂ},d{TI,F':‘u,IL‘:]},

5 d(Ty, Flv.w) ), d(5u, 6(x,v) ).d(5v, G(y.x})
One can easily show that the pairs (F,S) and (G, T) satisfy the common E.A.Like property with
Iy = E;}-‘n = ﬁ,zn =—andw, = ﬁforn= 1,2,3,...,

Clearly the paifs (F,S) and (G,T) are w-compatible and (0,0) is the unique common coupled fixed point of
F.GSand T.

Corollary2.3 Let (X,d) be a dislocated quasi b-metric space withs = 1 andand F : X x X— X and

S : X — X be mappings satisfying

(2.3.1)

1 1 \
d(sx,5u), d(Sy, 5v), 5 d(Sx, F (x,3)).5 d(Sy. Fly. x)),

1

, , — 1 1

a(Fley).Fls)) < P 3 d(Su, Fu, v)), 3 d(Sv, Flw,u) ), d(Sx, Flu,v)),
\ d(Sy. F(v,u) ), d(Su, F(x,)). d(Sv. F(y.x))
for all x,y,u,ve X, where @ed,
(2.3.2) the pair (F,S) satisfy the common E.A.Like property,
(2.3.3) the pair (F,S) is w-compatible.
Then F and S have a unique common coupled fixed point in X x X.

Corollary 2.4 Let(X,d) be a dislocated quasi metric space and f,g,S,T : X—= X be mappings satisfying
(2.4.1) difx.gv) = ¢ (max {d{Sx, T}-‘]E d(Sx, fx],fd{T}-‘,g}‘l d(Sx, gy),d(Ty, fx:l})

for all x,ye X, where ge®,
(2.4.2) digx. fv) = ¢ (max {d(Tx, 5}-‘];% d{Tx,gxlf d(Sy, fy),d(Tx, fy). d(Sy, gx:l})

for all x,ye X, where ged,
(2.4.3) the pairs (f,S) and (g, T) satisfy the common E.A.Like property
(2.4.4) the pairs (f,S) and (g,T) are weakly compatible.

Then f,g,S and T have a unique common fixed point in X.

Proof.It followsby taking s = 1and F (X,y) = fx and G(x,y) = gx in Theorem 2.1.
Corollary 2.5 Let (X,d) be a dislocated metric space and f,g,S,T : X— X be mappings satisfying
(2.4.3),(2.4.4) and
(25.1) difx.gy) =9 (max {d'ﬂ?x, T}-‘],% d(Sx, f.r:],%d{l"}r,g}-‘l d(Sx, gv), d{!"}-‘,fﬂ})

for all x,ye X, where @wed,
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Then f,g,S and T have a unique common fixed point in X.
Corollary 2.6 Corollary 2.5 holds if (2.5.1) is replaced with
(2.6.1) difx.gy) <k d(5x.Ty) + k,d(Sx, fx) + ko d(Ty. gv) + kyd (Sx, gy) + ksd(Ty, fx)
for all x,ye X where ki,kz,ks,ks and ks are non negative real numbers with ki+2k,+2ks+ks+ks < 1.
Remark:Corollary 2.6 is an improvement of Theorem 3.4 of [23].
Corollary 2.7 Let (X,d) be a dislocated quasi metric space and f, S : X—= X be mappings satisfying

27.1) d(fx.fy) < @ (max {a(Sx,5y).2d(Sx, f2). S d(Sy, fy). d (5x. ), d(Sy. f) )

for all x,ye X, where @e,®
(2.7.2) the pairs (f,S) satisfy the common E.A.Like property
(2.7.3) the pair (f,S) is weakly compatible.

Thenfand S have a unique common fixed point in X.
Proof.It follows from Corollary 2.3 withs=1and F =f.
Remark :Corollary2.7 is an improvement of Theorem 3.1 of [23].
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